This note presents a concrete representation of stably compact spaces. This is used to give a simple, and predicative, description of the patch topology of a stably compact space (J. Pure Appl. Algebra, to appear).
Introduction
At the last Dagsthul meeting on topology and computer science, Martin Escardo presented his description of the patch topology of a stably compact space [3] and noticed that his constructions, while intuitionistic, were impredicative. He raised then the question of a predicative description of the patch topology. In the special case of spectral spaces, this has a quite concrete description, since it corresponds to adding in a free way a negation operation to a given propositional theory. This suggests that a similar simple presentation should exist for stably compact spaces. This note presents such a description, using a concrete general representation of stably compact spaces, and hence answers Martin Escardo's question. We end by a list of examples, which illustrate the simplicity of our representation theorem.
Propositional theories and frames
We review some standard notions on locales that we shall need in this work. A frame is a complete Heyting algebra [5] . A formal space X is deÿned by its frame O(X ) of formal opens. A continuous map f : Y → X between two formal spaces is a map f * : O(X ) → O(Y ) preserving ÿnite meets and arbitrary joins. We deÿne then
U and we say that the map f is perfect i f * preserves directed joins. A space X is stably compact i its frame of opens O(X ) is a continuous lattice such that 1 1 and a b; a c imply a b ∧ c (these spaces are called locally stably compact in [5] ). A space X is spectral i its frame of opens is the ideal completion of a distributive lattice. We recall that a space is stably compact i it is the retract of a spectral space [5] . Finally, a space X is compact regular i it is stably compact and X = ¬U ∨ V whenever U V .
A propositional theory T is given by a set A of tokens and a set of pairs of ÿnite subsets of A, written X Y , and called axioms of T . We write a 1 ; : : : ; a n for the ÿnite set {a 1 ; : : : ; a n }. Following Gentzen [4, 9] the symbol "," is used as a conjunction on the left of the symbol and as a disjunction on the right of .
An interpretation of T in a space S is given by a map i : A → O(S) such that x∈X i(x)6 y∈Y i(y) whenever X Y is an axiom of T . It is folklore that there is a free interpretation m : A → O(Sp(T )) and that Sp(T ) is then a spectral space. A continuous map S → Sp(T ) is then given by an interpretation A → O(S). We write i X Y can be derived from the axioms of T using the following rules:
We write X T Y in this case. This is a purely algebraic form of completeness w.r.t. the resolution rule [2, 8, 9] . This can also be seen as a generalization of the"consensus" method for generating prime implicants [7] .
Representation of stably compact spaces
We assume given a relation ¡ on the set of tokens A which is transitive and dense. This can be formulated as
An example of such a relation is the strict order relation on the rational Q. Another example is the equality relation on any set. For a ∈A, let D a stand for the set {b ∈A | b¡a}.
A theory T on A satisÿes the interpolation property i whenever a 1 ; : : : ; a n b 1 ; : : : ; b m ∈T and c 1 ¡a 1 ; : : : ; c n ¡a n there exist ÿnite sets Notice that we do not assume that a¡b implies a T b; the only connection between ¡ and T will be expressed by the interpolation property. We say that an interpretation m : A → H of a theory T =(A; ) in a frame H is continuous i m(a)= {m(b) | b¡a}. We write m : A → Frm(T; ¡) for the free continuous interpretation of T , and Sp(T; ¡) for the corresponding formal space. Proof. Let m 1 : A → Frm(T ) be the free interpretation of T . By universality we have a unique frame map f
, which shows that Frm(T; ¡) is a retract of Frm(T ). For this, we give a continuous interpretation i :
This is an interpretation of T by the interpolation property. It is furthermore continuous since ¡ is transitive and dense. Hence, by universality, we have a unique map
and hence f * • g * =id by universality. It follows that Frm(T; ¡), being the retract of a spectral frame, is stably compact (cf. [5, Theorem VII 4.6]), and this shows also that
It is clear that any stably compact space can be represented this way: simply take the set of all opens as the set of tokens, with the theory being
and being the associated transitive and dense relation. Predicatively we may deÿne a stably compact space as a space of the form Sp(T; ¡).
Patch topology
Fix a theory T on a set of tokens A, which has the interpolation property w.r.t. some transitive and dense relation ¡ on A. We call m : A → Frm(T; ¡) the free continuous interpretation of T . If we have an interpretation i : A → O(S), with X a ÿnite subset of A, we write i(X ) for the open a∈X i(x) ∈O(S). The following result will be crucial. 
Notice next that by stability and hypothesis on i, we have
if a 1 ¡b 1 ; : : : ; a n ¡b n . Note also that We now describe the patch topology [3] associated to Sp(T; ¡). We introduce a set of tokens A 0 =A ∪ {a | a∈A}, the elements a being new tokens. The relation ¡ is extended by taking a ¡b i b¡a. This is still a transitive and dense relation. We extend the theory T with the axioms -a ; b -a; b if a¡b and we call T 0 the resulting theory, and m 0 : A 0 → Sp(T 0 ; ¡) the universal continuous interpretation. which is universal among perfect maps from a compact regular space S to Sp(T; ¡). Hence by [3] , Sp(T 0 ; ¡) is the patch space of Sp(T; ¡).
Proof. First we check that T 0 has the interpolation property. If a¡b then by density, we can ÿnd a 1 ; b 1 such that a¡a 1 ¡b 1 ¡b, and hence a 1 ; b 1 . Similarly, if a¡b and a 1 ¡a; b¡b 1 then by transitivity we have a 1 ¡b 1 , and hence a 1 ; b 1 . This shows that T 0 has the interpolation property.
It follows from our representation theorem that Sp(T 0 ; ¡) is stably compact. The canonical interpretation i : A → Frm(T 0 ; ¡) is such that i(a) i(b) if a¡b and hence the corresponding map
is perfect.
We check that Sp(T 0 ; ¡) is compact regular. For this it is enough to notice that any element of the subbasis m 0 (a) or m 0 (a ) can be written as a sup of elements well inside itself [5] . This follows directly from the continuity of Our representation of stable compact spaces is quite concrete: the elements of A have to be thought of as syntactical tokens. It may also be interesting to stress the fact that all the arguments in this note can be carried out in a predicative framework, such as intuitionistic type theory [6] . A crucial distinction in such a framework is between sets and collections [6] . In general, a frame will be a collection and not a set, but the existence of l.u.b. is restricted to set-indexed family. The collection A of all tokens has to be a set, as well as D a ={b ∈A | b¡a} for all a ∈T . This way, for instance, we can make predicative sense of deÿnitions such as
Since this is not the main point of this note, we limit ourselves to these informal remarks.
Examples

[0; 1]
The interval [0; 1] can be described by the set of tokens L r ; r∈Q with the relation L r ¡L s i r¡s and the theory
The patch re ection of this topology is obtained by adding the new tokens L r = U r for r ∈Q and the axioms -U r ; L s , -L r ; U s , if r¡s. We get then a description of [0; 1] with its usual topology, as in [5] .
Alaoglu's theorem
This basic theorem in functional analysis states that the unit ball of the dual of a normed space is compact for the weak * topology. In a localic form, it was proved constructively in Vermeulen's thesis [10] . We show here that this theorem follows directly from our representation results.
We start from a Q-vector space E with a seminorm, given by a family of subsets N (q) ⊆ E for q ∈Q (x ∈N (q) means intuitively that the norm of x is ¡q). We describe the space of linear forms u over E of norm 61. The set of tokens is the set Q × E, with a pair (q; x) representing intuitively the information q¡u(x). The theory T is • (q; x); (−q; −x) , • (r + s; x + y) (r; x); (s; y), • (−1; x) for x ∈N (1) and we deÿne (q 1 ; x)¡(q 2 ; x) i q 2 ¡q 1 .
By resolution, we get ÿrst as a consequence of the two ÿrst axioms (p; x); (q; y) T (p + q; x + y) and hence (p; x) T (pn; nx) for all n¿0. By the second axiom we have as well (p; x) T (p=n; x=n). It follows that we have (p; x) T (rp; rx) for any rational r¿0. It follows then from the third axiom that T (s; 0) for any s¡0 and hence (q 1 ; x) T (q 2 ; x) whenever q 2 6q 1 . Since we have (0; 0) by the ÿrst axiom, we also have (r; 0) T for r¿0. It follows from these remarks that if q 2 ¡q 1 then
and hence we already have a "complement" operation (q; x) =(−q; −x) in this case. It can now also be checked that T has the interpolation property. If q 1 ¿q and q 2 ¿−q, then we have q 1 + q 2 ¿0 and hence
If q¿r + s then we can write q = r 1 + s 1 with r 1 ¿r; s 1 ¿s and obtain (q; x + y) (r 1 ; x); (s 1 ; y):
Thus, T has the interpolation property, the operation (q; x) =(−q; −x) is a complement operation, and hence Sp(T; ¡) is a compact regular space. This is the space of linear forms u over E of norm 61 for the weak * topology, and we get in this way a quite simple localic proof of Alaoglu's theorem.
Spectral spaces
Consider a spectral space Sp(T ) given by a theory T on a set of tokens A. The equality relation on A is transitive and dense, and the theory T has trivially the interpolation property w.r.t. this relation. The theory T 0 then amounts to simply adding new tokens a ; a∈A with the axioms a; a ; a;a :
In this case, there is a simple characterization of T0 in term of T [1] . It was this simple case which motivated the present work: the patch topology corresponds here to the universal addition of negation to a given propositional theory. The general case for the stably compact case can then be considered as the universal addition of a kind of "continuous" negation.
To give a concrete example in algebra, let R be an arbitrary commutative ring and A be the set of formal tokens D(a) for each a ∈R. 
